Abstract. We discuss the effect of multisite interactions on the spin-Peierls instability for a spin-1/2 XX chain with three-site interactions of (XZX + Y ZY )-type. By a Jordan-Wigner transformation we arrive at a model of spinless fermions on a chain with nearest-neighbor and next-nearest-neighbor hoppings. We compute the ground-state energy of the model for static lattice distortion patterns corresponding to dimerization and trimerization in order to identify the ground-state configuration of the lattice. The additional three-site interactions cause a number of new phases to appear in the ground-state phase diagram, including trimerized phases.
Introduction
A system of tight-binding electrons on a chain at half filling can lower its energy by a dimerization (Peierls instability) [1] . The corresponding phenomenon for spin systems is called spin-Peierls instability: a spin chain with nearest-neighbor isotropic XY (i.e. XX) interactions can lower its energy by a dimerization [2] . The two problems map to each other via the JordanWigner transformation from spin-1/2 operators to spinless fermion operators. For spin-Peierls phenomena a large body of results (including rigorous ones, see, e.g., [3] ) has accumulated until now. Besides the dimerized pattern more complicated lattice distortion patterns have been examined as well (see, e.g., [4, 5, 6, 7] ).
Recently, spin-1/2 XY chains with multisite interactions have become the subject of several studies (a brief review of recent papers can be found in [8] ). In the present study we wish to discuss effects of multisite interactions on spin-Peierls phenomena in a spin-1/2 XX chain with three-site interactions of (XZX + Y ZY )-type [9, 10] . We assume a (periodic) modulation of the intersite interactions which reflects a possible lattice distortion. The total ground-state energy consists of magnetic and elastic parts and can be calculated accurately without making any approximation. We i) illustrate the effect of the three-site interactions on the spin-Peierls dimerization discussed earlier by Pincus [2] and ii) unambiguously demonstrate that the threesite interactions may cause the appearance of a new phase -trimerized lattice patterns with energy lower than that of the uniform chain.
Periodic spin chains: the ground-state energy
To be specific, we consider a spin-1/2 chain, the Hamiltonian of which is given by (see [10, 11] )
(1) with a periodic (with period p) sequence of interaction constants. After performing the Jordan-Wigner transformation we arrive at a system of spinless fermions on a chain with nearest-neighbor and next-nearest-neighbor hoppings. The Hamiltonian of spinless fermions can be further brought to a diagonal form
For a chain with period p = 2 we have
whereas for a period-3 chain the Λ κ,i are solutions of Λ 3 κ,i + AΛ κ,i + B = 0 with
The ground-state magnetic energy is
where the sum runs over Λ κ,i < 0 only.
Lattice instabilities
To calculate the magnetic ground-state energy of a distorted spin chain we assume a linear dependence of the interaction constants on the intersite distances,
where δ n is proportional to the change of distance between the sites n and n + 1, N n=1 δ n = 0 (fixed total length). The parameter ℵ accounts for possibly differing lattice effects on the twoand three-site interactions; from now on we set ℵ = 1 for simplicity. The total ground-state energy of a distorted spin chain consists of the magnetic part and the elastic energy given by α
n . In what follows we report our findings for spin-Peierls instabilities of the spin chain (1) based on Eqs. (4), (2), (3) . We put J = 1 fixing the energy units, take N = 100 000 (p = 2) or N = 100 002 (p = 3) and set α = 0.5 for concreteness.
For a simple spin-Peierls dimerization pattern (δ n = (−1) n−1 δ 1 ) we have
Some typical dependences of the total ground-state energy on δ 1 as K deviates from zero and increases are shown in Fig. 1 , left. From these profiles we conclude that for K below a certain value K a only the dimerized phase is possible (one minimum at nonzero δ 1 ). At K = K a a second minimum at δ 1 = 0 appears, signalizing the possibility of a uniform phase. At K = K b > K a the depths of the two minima at δ 1 = 0 and at nonzero δ 1 become equal, and a first-order ground-state phase transition from the dimerized phase to the uniform phase occurs. For K > K b the dimerized phase becomes metastable, and it loses its stability completely at K ≥ K c where the ground-state energy displays only a single minimum at δ 1 = 0. For α = 0.5 we have K a ≈ 0.065, K b ≈ 0.0905, K c ≈ 0.128. Thus, while weak three-site interactions (between K b and K c ) make the dimerized phase metastable, sufficiently strong three-site interactions (exceeding K c ) completely destroy the dimerized phase in favor of the uniform phase. 
Next we turn to spin-Peierls trimerization. In the case K = 0 trimerization cannot occur (we recall that the trimerized phase in a spin-1/2 XX chain may emerge only at a certain nonzero transverse magnetic field [7] ), however, for K values around 2 (2 is a critical value of K at which a quantum phase transition between two different spin-liquid phases takes place [10] ) certain trimerized patterns do lower the total energy. More specific, according to Eq. (4) we assume Fig. 2 we show the total ground-state energy dependence on period-3 lattice distortions parameterized by δ 1 and δ 2 for two values of K, K = 0.1 (subcritical, left) and K = 2.001 (close to critical, right). For K values close to 2 the total energy is minimal for a trimerized lattice configuration, as shown in the right panel of Fig. 2 for one K value. Cuts of the energy surface along the line δ 1 = δ 2 are shown in Fig. 1 , middle panel; the right panel of Fig. 1 shows the energy minimum at nonzero δ 1 = δ 2 for K = 2.4 on a magnified scale. The right panel of Fig. 2 shows a distorted threefold symmetry which can be understood by renumbering the sites of the (cyclic) chain. δ 1 = δ 2 implies δ 3 = −2δ 2 which maps, by a shift, to δ 2 = −2δ 1 , and, by a mirror inversion, to δ 1 = −2δ 2 , which shows the equivalence of the three symmetry lines of the figure. Excluding spontaneous breaking of spatial mirror symmetry we then can restrict the search for minima of the total ground-state energy to δ 1 = δ 2 . The ground-state energy as a function of δ 1 (= δ 2 ) is shown in Fig. 1 , middle and right panels, for several values of K. As K approaches 2 from below, the undistorted state (δ 1 = 0) gives way to a state with δ 1 < 0, which corresponds to a period-3 sequence of two equal strong bonds followed by one weak bond. For larger K the energy minimum switches to δ 1 > 0, corresponding to a pattern with two weak bonds and one strong bond. For very large K the uniform lattice again yields the lowest energy. Thus, in the presence of sufficiently strong three-site interactions a spin-Peierls trimerization occurs, i.e. a trimerized lattice pattern yields lower energy than the undistorted uniform lattice. Moreover, there are two trimerized patterns, characterized by δ 1 < 0 and δ 1 > 0, which show up for smaller and larger values of K, respectively.
Conclusions
To summarize, we have examined spin-Peierls instabilities of the spin-1/2 XX chain with threesite interactions of (XZX + Y ZY )-type. Comparing the ground-state energies of uniform, dimerized, and trimerized chains, we have demonstrated how increasing three-site interactions suppress the dimerized phase in favor of the uniform phase and then induce the trimerized phase in a certain finite range of interaction constants.
A number of problems remain to be studied: Trimerized patterns deserve to be examined in more detail, various (static and dynamic) characteristics of the chain exhibiting such spinPeierls instabilities would be interesting to analyze. Moreover, the effect of nonzero temperatures and/or (transverse) magnetic field might be interesting to discuss. We will report on these topics in an extended version of this paper.
